Introduction
Various types of electromechanical and electromagnetic converters are used as electrical energy generators in mechanical vibration energy harvesting systems [1] [2] [3] [4] [5] [6] [7] [8] . Among them are those using, e.g. the piezoelectric or magnetostrictive effects [1, 2] . The electromechanical generators with permanent-magnet excitation are, however the most economically justified and basic structures [2] [3] [4] . In the most of cases the coreless generators are considered for this purpose [3] [4] [5] [6] [7] . The no-load (open armature circuit) frequency characteristic of such the harvester is identical with that of the second-order damped dynamical system. A minor impact of the nonlinearity, which originates of the mutual force due to action of the main flux on the armature current is visible only at loading condition. Such the force only slightly increases the resonant frequency, although the frequency bandwidth remains almost unaffected [3] [4] [5] . This is not the case in the recently proposed class of harvesters with the generators with cored armatures [6, 7] . The system of this type designed by authors of this is shown in Fig. 1 . Such the generator brings nonlinearity into kinematics of the entire system. The former is caused by the cogging force that comes from the action of the magnetic flux on the ferromagnetic core. It can be interpreted as an additional nonlinear spring connected in series with the linear one (plate spring connected to yokes).
By adjustment of the ratio taken between the linear spring factor and nonlinear one, the frequency bandwidth of the harvester can be significantly extended. However, due to complexity of the frequency characteristics development mechanism the design routine for such the system differs from that for one with the coreless generator. In order to provide correct operation within the desired frequency range the nonlinear oscillator theory should be involved in the designing. A simplified approach which can be used in design routine for such the system is presented in the following.
Basic theory
Assume that motion of yokes attached to spring in Fig. 1 is straight-line along the y-axis. In such the case the vectors of forces that act on the yoke have only the translational components. Assume also that the harvester operates at open-circuit conditions (no mutual force production). The balance of forces that act on for the moving yokes is 
Considering the quasi-dynamic condition, thus transforming (5) from time to frequency domain, one obtains the equation 
From the above consideration it can be deduced that the three frequencies determine limits for the frequency bandwidth of a nonlinear system. Depending on the configuration of nonlinear system (sign of k c ) its frequency characteristics will be contained within the ranges of operation frequency  op1
This simplified consideration should be augmented by the following notes.
 The sign of k c is determined by internal configuration of the magnetic circuit. It is very sensitive to variation of dimensions of magnets and core. Each system has the operation frequency range  op1 or  op2 attributed to such the configuration. The natural frequencies of two systems having the operation ranges  op1 and  op2 can be different due to different masses m.
 The complexity of the frequency characteristics of the nonlinear system (2) goes far beyond the description given by the presented simple arithmetic which does not explain, e.g. the bistability phenomenon that the system exhibits at resonant frequencies. Moreover, it can be deduced from (4) that, depending on the configuration at certain points, the difference k-k cog (y s ) can be negative. The system will be unstable at these points not providing symmetry of motion. Work [6] has demonstrated that even when the difference is positive the system with k c <0 can suffer from chaotic motion where the magnitude of vibrations is not proportional to the applied force. In continuation of this work we will demonstrate that the frequency characteristics of such the configuration are less practical due to smaller magnitude of the generated voltage and narrower frequency bandwidth.
Initially designed physical system
The specifications and dimensions of the magnetic circuit for the initially designed system are given in Tab. 1 and Fig. 2 . The system has the linear spring constant k = 11800 N/m and the frequency characteristic with resonant frequency increasing with the magnitude of external force due to positive k c equal to 1300 N/m. The natural frequency of the system is equal to 45.9 Hz, while the lower frequency limit to 43.6 Hz. The measured frequency characteristic of the rms value of open-circuit voltage is depicted in Fig. 3 . Even though the system has positive k c , it does not suffer from chaotic motion, that could cause lack of proportionality between the excitation and operation frequencies. This is because the motion is determined by the spring force being one order of magnitude greater than the maximum value of the cogging force.
Models for determination of frequency characteristics
In computations the plate spring is considered as the distributed mechanical system. Determination of the frequency characteristics of the considered system is based on a solution of complex nonlinear equation of motion. The finite element equations derived from the Timoshenko cantilever-beam theory [8] read
where M and K are distributed mass and stiffness matrices, whose derivation can be found in [8] . The matrix, M y is the diagonal mass matrix attributed to the mass of yokes m y such that M y =0.5m y diag ([1,1,1,1 Determination of the cogging force is carried out via solution of the two-dimensional magnetostatic problem at different positions of yokes. The finite element equations governig the problem are considered in form
where S is the reluctance matrix dependent on the square of the magnetic flux density vector B 2 and position of yokes with respect to the armature, the vector of circulations of the magnetic vector potential, and  mag the vector of magnetomotive force due to permanent magnets [9] . Given the position of yokes y s , the force f cog (y s ) is calculated from the Maxwell stress tensor [10] . The stiffness factor calculated using the instantaneous values of force and displacement using (3) cannot be used in the corresponding complex-valued problem (10) . Transformation from the instantaneous-value-dependent to the amplitude-dependent stiffness factor is carried out demanding equality of the potential energy in both cases. Given operation frequency the no-load characteristics of the system are determined by iterative solution of (10) considering (12).
Computations
As is was outlined in the preceding sections, different frequency characteristics can be achieved in the considered system depending on the sign and value of k c . In order to explore its potential to generate the frequency characteristics with high voltage and wide frequency bandwidth, we carried out the computer experiment in which we parametrized dimensions of some parts of the magnetic circuit, that are denoted by symbols in Fig. 3 . Table 2 provides information about the parametrization. Each dimension was subdivided into 3 equal segments resulting in the grid covering the design space with 729 points. Normally in order to explore all 729 designs using the model (11) it would be necessary to determine complete variations of the cogging force and voltage induced in the winding, which would be too computationally extensive task.
We simplified the approach by restricting necessary computations to only two per single design by observation that in order to assess the potential performance of the system it is sufficient to know the factor k c and the derivative of the magnetic flux linkage with respect to displacement y s at y s =0. These quantities are approximated by the finite differences
where: y s is a small displacement applied to the yoke, and is the magnetic flux inkage. The computations were executed in a queue generating new finite element mesh according to the geometry specified for each design and performing computations of the two above defined quantities using model (11). As the computations were completed from the total number of 729 designs those with the highest absolute values of quantities (13) and (14) were selected. The above means that there are designs with positive and negative k c . The results for the six most favored designs are compared in Fig. 4 . The finally emerged designs are those with ordinal numbers 243 and 729 due to highest absolute values of k c , thus potentially the widest frequency bandwidth. A surprising result is that the only different dimension for the two designs is the air-gap width being equal to 1.5 mm and 2.5 mm for the design 243 and 729, respectively.
The change of sense of the cogging force due to rise of the air-gap width is not the phenomenon that one would expect, although it is confirmed by change of the magnetic flux distribution in the air-gap regions in Fig. 5 . Since the remaining dimensions are the same for the two designs, their masses are not affected and their the natural frequencies are the same.
In figure 6 The characteristics in Fig. 7 were obtained by solving equation (10) for nine magnitudes of the external force |F ext | ranging from 10 to 90 per cent of maximum value of the cogging force. Each characteristic was obtained with the frequency sweep from 20 to 60 Hz. The rms value of the generated open-circuit voltage was obtained based on the computed complex magnitudes of displacement and the variations in Fig. 6c .
From the results of computations it becomes clear that the system with negative k c provides much better performance than the one with positive k c . The frequency bandwidth for the former is nearly two time as wide as for the latter, whilst the rms value of the generated open-circuit voltage is greater by some 30 per cent.
Conclusions
The type of frequency characteristics as well as the overall performance of the considered vibration energy harvester are strongly dependent on design of the generator magnetic circuit. The performance of the initially designed physical system do not exploit full potential of the considered structure. The presented methodology was used in designing new harvester which is currently under construction. 
